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Abstract
Bosonic string moving in coordinate dependent background fields is considered. We calculate
the generalized currents Poisson bracket algebra and find that it gives rise to the Courant
bracket, twisted by a 2-form 2Bµν . Furthermore, we consider the T-dual generalized currents
and obtain their Poisson bracket algebra. It gives rise to the Roytenberg bracket, equivalent to
the Courant bracket twisted by a bi-vector Πµν , in case of Πµν = 2⋆Bµν = κθµν . We conclude
that the twisted Courant and Roytenberg brackets are T-dual, when the quantities used for
their deformations are mutually T-dual.
1 Introduction
Non-geometric backgrounds [1, 2, 3] include various dualities. Duality symmetry is a way to show
the equivalence between two apparently different theories. Specifically, T-duality [4, 5] is a sym-
metry between two theories corresponding to different geometries and topologies. It was firstly
noticed as the spectrum equivalence of the bosonic closed string with one dimension compactified
to a radius R, with the bosonic closed string with one dimension compactified to a radius α′/R.
The Courant bracket [6, 7] is the generalization of the Lie bracket so that it includes both vectors
and 1-forms. It is a fundamental structure of the generalized complex geometry. Vectors and 1-forms
are treated on equal footing in the generalized complex structures. Many for string theory relevant
geometries, such as complex, symplectic and Ka¨hler geometry, are integrated into the framework of
generalized complex structures. Moreover, the generalized complex geometry provides a framework
for a unified description of diffeomorphisms and gauge transformations of the Kalb-Ramond field.
Hitchin was the first one to introduce the generalized Calabi-Yau manifolds, that unified the concept
of a Calabi-Yau manifold with the one of a symplectic manifold [8]. Gualtieri in his PhD thesis
contributed further to the mathematical development of generalized complex geometry [9].
In generalized complex geometry, closure under the Courant bracket represents the integrability
condition, in a same way that closure under the Lie bracket represents the integrability condition
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of almost complex structures. Moreover, the Courant bracket governs the gauge transformation in
the double field string theory [10].
The Roytenberg bracket is the generalization of the Courant bracket, so that it includes a bi-
vector. It was firstly introduced by Roytenberg [11]. In [12], the σ-model with both 2-form and
a bi-vector was considered. The Poisson bracket algebra of the generalized currents was obtained.
It has been observed that, while the current algebra is anomalous, the algebra of charges is closed
and gives rise to the Roytenberg bracket. In [13], the Roytenberg bracket was obtained by lifting
the topological sector of the first order action for the NS string σ-model to three dimensions. In
[14], the higher order Roytenberg bracket is realized, by twistting by a p-vector.
In this paper, we consider the closed bosonic string moving in the coordinate dependent back-
ground fields. The generalized currents are defined as linear combinations of worldsheet basis
vectors with arbitrary coordinate dependent coefficients, and their Poisson bracket algebra is cal-
culated. We follow the work of [15], that analyzed the most general currents of the general σ
model, where it has been shown that the algebra of most general currents gives rise to the Courant
bracket, twisted by the Kalb-Ramond field. Moreover, we consider the self T-duality, that is to say
T-duality realized in the same phase space. The self T-duality interchanges momenta with coordi-
nate derivatives, as well as the background fields with their T-dual background fields. Another set
of the generalized currents, T-dual to the aforementioned ones, are constructed and their algebra
obtained. We find that their algebra gives rise to the bracket, equivalent to the Roytenberg bracket
obtained by twisting the Courant bracket by the T-dual of the Kalb-Ramond field. Hence, we show
that the twisted Courant bracket is T-dual to the corresponding Roytenberg one, obtaining the
relation that connects the mathematically relevant structures with the T-duality.
2 Hamiltonian of the bosonic string
Consider the closed bosonic string in the nontrivial background defined by the symmetric metric
tensor field Gµν and the Kalb-Ramond antisymmetric tensor field Bµν , as well as the constant
dilaton field Φ = const. In the conformal gauge, the propagation is described by the action [16, 17]
S =
∫
Σ
d2ξL = κ
∫
Σ
d2ξ
[1
2
ηαβGµν(x) + ǫ
αβBµν(x)
]
∂αx
µ∂βx
ν , (2.1)
where integration goes over two-dimensional world-sheet Σ parametrized by ξα(ξ0 = τ, ξ1 = σ).
Coordinates of the D-dimensional space-time are xµ(ξ), µ = 0, 1, ...,D− 1, ǫ01 = −1 and κ = 12πα′ .
It is convenient to rewrite the action (2.1) using the light-cone coordinates ξ± = ξ0 ± ξ1 and
derivatives ∂± =
1
2 (∂0 ± ∂1) as
S = κ
∫
Σ
d2ξ∂+x
µΠ+µν(x)∂−x
ν , (2.2)
where
Π±µν(x) = Bµν(x)±
1
2
Gµν(x). (2.3)
The canonical momenta are given by
πµ =
∂L
∂x˙µ
= κGµν(x)x˙
ν − 2κBµν(x)x
′ν . (2.4)
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The Hamiltonian is obtained in a usual way,
HC = πµx˙
µ − L =
1
2κ
πµ(G
−1)µνπν − 2x
′µBµν(G
−1)νρπρ +
κ
2
x′µGEµνx
′ν , (2.5)
where
GEµν = Gµν − 4(BG
−1B)µν (2.6)
is the effective metric.
Energy-momentum tensor components can be written as
T± = ∓
1
4κ
(G−1)µνj±µj±ν , (2.7)
where the currents j±µ are given by
j±µ(x) = πµ + 2κΠ±µν(x)x
′ν . (2.8)
In terms of the energy-momentum tensor components (2.7), the Hamiltonian is given by
HC = T− − T+ =
1
4κ
(G−1)µν
[
j+µj+ν + j−µj−ν
]
. (2.9)
In this paper, we are interested in these currents, currents T-dual to them, their generalizations,
as well as their Poisson bracket algebra. Before that, let us present a short overview of T-duality.
2.1 Lagrangian approach to T-duality
In the Lagrangian approach to T-duality, the Buscher procedure of T-dualization has been devel-
oped [18, 19, 20]. It provides us with the procedure of transforming coordinates from one theory to
the coordinates from its T-dual theory. The T-dualization rules for coordinates are given by [21]
∂±x
µ ∼= −κΘ
µν
± ∂±yν , ∂±yµ
∼= −2Π∓µν∂±x
ν , (2.10)
where we have introduced the T-dual coordinate yµ and new fields Θ
µν
± , defined by
Θµν± = −
2
κ
(G−1E Π±G
−1)µν = θµν ∓
1
κ
(G−1E )
µν , (2.11)
where θµν is the non-commutativity parameter, given by
θµν = −
2
κ
(G−1E BG
−1)µν , (2.12)
and (G−1E )
µν is the inverse of the effective metric defined in (2.6). It is straightforward to verify
that Θµν± fields are inverse to Π∓µν fields
Θµρ± Π∓ρν =
1
2κ
δµν . (2.13)
Successive application of the T-dualization (2.10) is involutive
∂±x
µ ∼= −κΘ
µν
± ∂±yν
∼= 2κΘ
µν
± Π∓νρ∂±x
ρ = ∂±x
µ , (2.14)
3
where in the last step we have used (2.13).
Applying the T-dualization laws (2.10) to the action (2.2), we obtain the T-dual action
⋆S =
∫
d2ξ ⋆L =
κ2
2
∫
d2ξ∂+yµΘ
µν
− ∂−yν . (2.15)
Expressing the action (2.15) in the form of the initial action (2.2), we obtain
⋆Πµν+ =
κ
2
Θµν− , (2.16)
which allows us to read the T-dual background fields
⋆Gµν = (G−1E )
µν , ⋆Bµν =
κ
2
θµν . (2.17)
2.2 Hamiltonian formulation of T-duality
Let us rewrite the T-dualization laws (2.10) in terms of phase space variables. Firstly, we need the
expression for the T-dual canonical momentum. It is given by
⋆πµ =
∂ ⋆L
∂y˙µ
= κ(G−1E )
µν y˙ν − κ
2θµνy′ν . (2.18)
Secondly, let us rewrite equations (2.10), separating the part that changes the sign from the part
that does not. For the coordinates of the initial theory, we obtain
x˙µ ∼= −κθµν y˙ν + (G
−1
E )
µνy′ν , x
′µ ∼= (G−1E )
µν y˙ν − κθ
µνy′ν , (2.19)
and for the coordinates of the T-dual theory, we obtain
y˙µ ∼= −2Bµν x˙
ν +Gµνx
′ν , y′µ
∼= Gµν x˙
ν − 2Bµνx
′ν . (2.20)
Comparing the second relation of (2.19) with (2.4), as well as the second relation of (2.20) with
(2.18), we obtain the T-dualization laws (2.10) formulated in terms of the phase space variables
κx′µ ∼= ⋆π
µ, πµ ∼= κy
′
µ . (2.21)
When coordinate σ-derivatives and canonical momenta are integrated over the worldsheet space
parameter σ, the winding numbers and momenta are respectively obtained [21]. Hence, we see that
the T-dualization transforms the momenta of the initial theory into the winding numbers in its
T-dual theory, and vice versa.
The T-duality can be considered as the canonical transformation generated by the type I func-
tional [22, 23]
F = κ
∫
dσxµy′µ , (2.22)
which gives rise to momenta
πµ =
δF
δxµ
= κy′µ,
⋆πµ =
−δF
δyµ
= κx′µ . (2.23)
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This is exactly the relation (2.21). The T-duality does not change the Hamiltonian, since the
generating function (2.22) does not depend explicitly on time HC →HC +
∂F
∂t
= HC .
In order to obtain the T-dual Hamiltonian, we apply relations (2.21) to (2.5), and obtain
⋆HC =
1
2κ
⋆πµ GEµν
⋆πν − 2 ⋆πµ(BG−1) νµ y
′
ν +
κ
2
y′µ(G
−1)µνy′ν . (2.24)
Expressing the T-dual Hamiltonian in the form of the initial one (2.5), as
⋆HC =
1
2κ
⋆πµ ⋆G−1µν
⋆πν − 2y′µ(
⋆B ⋆G−1)µν
⋆πν +
κ
2
y′µ
⋆GµνE y
′
ν , (2.25)
we are able to read once again the expressions for the T-dual background fields (2.17).
Given that we were able to write the Hamiltonian in terms of currents j±µ, we would like to
write the T-dual Hamiltonian (2.25) in terms of T-dual currents. By analogy with the initial theory
(2.7), we write the T-dual energy momentum tensor components as
⋆T± = ∓
1
4κ
⋆G−1µν
⋆jµ±
⋆jν± , (2.26)
where ⋆jµ± are T-dual currents, given by
⋆jµ± =
⋆πµ + 2κ⋆Πµν± y
′
ν . (2.27)
The T-dual Hamiltonian is then given by
⋆HC =
⋆T− −
⋆T+ =
1
4κ
⋆G−1µν
(
⋆jµ+
⋆jν+ +
⋆jµ−
⋆jν−
)
, (2.28)
We can check that substituting (2.27) into (2.28), the T-dual Hamiltonian in the form (2.25) is
obtained. Therefore,
HC ∼=
⋆HC , T± ∼=
⋆T± . (2.29)
2.3 T-dual currents
Let us consider the transformation of the currents under T-duality. Applying (2.21) to (2.8), we
obtain
j±µ ∼= κy
′
µ + 2Π±µν
⋆πν = 2Π±µν
⋆jν± , (2.30)
where we have used (2.13). Similarly, the T-dualization applied on the T-dual currents is as easily
obtained
⋆jµ±
∼= κx′µ + κΘ
µν
∓ πν = κΘ
µν
∓ j±ν . (2.31)
The successive application of T-dualization on any current returns exactly that current.
Although the initial and T-dual theories are equivalent (2.29), the currents j±µ and
⋆jµ± do not
transform exactly one into another by the T-dualization laws (2.21). There are couple of ways to
see the nature of this fact. Firstly, the current j±µ has the lower indices, while
⋆jµ± has the upper
indices.
Secondly, substituting (2.30) into (2.7), we obtain the T-dual transformation of the energy
momentum tensor
T± ∼= ±
1
κ
⋆jµ±(Π∓G
−1Π±)µν
⋆jν± = ∓
1
4κ
⋆jµ±G
E
µν
⋆jν± =
⋆T± , (2.32)
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where in the second step we used (2.3) and (2.6). The direct transformation of currents under
T-duality j±µ ∼=
⋆jµ± would violate invariance of the energy momentum tensor. The effective metric
GEµν in the expression for T-dual energy momentum tensor is obtained from −Π∓G
−1Π± =
1
4GE ,
that is only possible due to the non-trivial T-duality relation between currents (2.30).
Lastly, let us rewrite the expressions for currents in terms of coordinates, by substituting (2.4)
into (2.8) and (2.18) into (2.27)
j±µ = κGµν∂±x
ν , ⋆jµ± = κ(G
−1
E )
µν∂±yν . (2.33)
Hence, in the same way that coordinates ∂±x
µ do not transform into T-dual coordinates ∂±yµ
under (2.10), in the same way the currents j±µ do not transform into T-dual currents
⋆jµ±. The
transformation of variables under T-duality (2.21) is presented in the Table 1.
Initial theory T-dual theory
πµ ∼= κy
′
µ
κx′µ ∼= ⋆πµ
j±µ ∼= 2Π±µν
⋆jν±
κΘµν∓ j±ν
∼= ⋆j
µ
±
Table 1: Transformations under the T-dualization
Lastly, let us define for future convenience the right hand side of (2.31), as a new current lµ±
lµ± = κΘ
µν
∓ j±ν = κx
′µ + κΘµν∓ πν . (2.34)
In the next chapter, we will see how we can avoid working in two phase spaces, and the currents
lµ± will have an important role throughout the rest of the paper.
2.4 Self T-duality
So far we considered the case when two mutually T-dual theories are defined in two different phase
spaces, that we have marked by {xµ, πµ}, and {yµ,
⋆πµ}. It is in fact possible to realize T-duality
in the same phase space, that we will call self T-duality.
To realize self T-duality, let us rewrite the second relation of (2.19), using (2.17)
κx′µ ∼= κ ⋆G
µν y˙ν − 2κ
⋆Bµνy′ν . (2.35)
Comparing it with the expression for momenta (2.4), we conclude that the exchange of coordinate
with its T-dual xµ ↔ yµ is equivalent to
πµ ↔ κx
′µ, Bµν ↔
⋆Bµν =
κ
2
θµν , Gµν ↔
⋆Gµν = (G−1E )
µν . (2.36)
This we will call self T-duality. Note that unlike in (2.21), here the background fields are trans-
formed, as well.
The two currents j±µ and l
µ
± transform into each other under the self T-duality (2.36)
j±µ = πµ + 2κΠ±µνx
′ν ↔ κx′µ + κΘµν∓ πν = l
µ
± . (2.37)
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On the other hand, under (2.36) the energy-momentum tensor is invariant
T± = ∓
1
4κ
(G−1)µνj±µj±ν ↔ ∓
1
4κ
GEµν l
µ
±l
ν
± = T± . (2.38)
With the help of (2.9), we see that the Hamiltonian does not change under (2.36). Nevertheless,
the Hamiltonian can be expressed in terms of new currents lµ±
HC =
1
4κ
GEµν
(
lµ+l
ν
+ + l
µ
−l
ν
−
)
, (2.39)
but with the effective metric instead of the inverse metric. Substituting (2.6) and (2.34) into the
previous equation, we obtain the initial form of the Hamiltonian (2.9).
Both currents j±µ and l
µ
± are defined in terms of the initial theory variables and are connected
by self T-duality. We summarize its transformation rules in the Table 2. Our next goal is to
generalize these two currents and obtain the algebra of their generalizations.
Initial theory Initial theory
πµ ↔ κx
′
µ
κx′µ ↔ πµ
Bµν ↔
κ
2θ
µν
Gµν ↔ (G
−1
E )
µν
j±µ ↔ l
µ
±
Table 2: Transformations under the self T-duality
3 Generalized currents in a new basis
In this chapter, we will construct two types of generalized currents. Generalized currents are
arbitrary vectors in a 2D space, spanned by both vectors and 1-forms on equal footing [9]. The
convenient bases in which these generalized currents are defined are components of currents j±µ
and lµ±.
Firstly, we will generalize the currents j±µ. From (2.8) we exctract its τ and σ components
j0µ =
j+µ + j−µ
2
= πµ + 2κBµν(x)x
′ν , j1µ =
j+µ − j−µ
2
= κGµν(x)x
′ν . (3.1)
We will mark
iµ = πµ + 2κBµν(x)x
′ν , (3.2)
as a new, auxiliary current. Therefore, {κx′µ, iµ} is a new convenient basis on the world-sheet. We
can now write currents (2.8) in this basis as
j±µ = iµ ± κGµνx
′ν . (3.3)
In the same way as in [15], we define the generalized currents in the new basis, as the linear
combination of both coordinate σ−derivatives and auxiliary currents
JC(u,a) = u
µ(x)iµ + aµ(x)κx
′µ, (3.4)
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where uµ(x) and aµ(x) are the arbitrary coefficients. The charges of these currents are
QC(u,a) =
∫
dσJC(u,a). (3.5)
The charges exhibit additional symmetry. In order to see that, let us firstly rewrite the integral
of the total derivative of an arbitrary function λ∫ 2π
0
dσ(λ)′ =
∫ 2π
0
dσ∂µλx
′µ = 0 , (3.6)
which goes to zero for closed strings. From this fact, we obtain the reducibility relations for the
charges
QC(u,a+∂λ) = QC(u,a) . (3.7)
The expression of the form (3.4) is particularly interesting, since it gives rise to many for string
theory relevant structures. Firstly, for the special case of coefficients relation aµ = ±Gµνu
ν , we
obtain
JC(u,±Gu) = u
µj±µ. (3.8)
Hence, the currents (2.8) indeed can be obtained from the generalized currents (3.4). On the other
hand, for special case aµ = −2Bµνu
ν , we obtain
JC(u,−2Bu) = u
µπµ, (3.9)
as well as for uµ = 0, we obtain
JC(0,a) = aµκx
′ν . (3.10)
We see that the general current algebra for the appropriate coefficients reduces to non-commutativity
relations of both coordinates and momenta.
We are also interested in another type of generalized current, that in analogous way generalizes
lµ± to an arbitrary vector in a space spanned by its τ and σ components
lµ0 =
lµ+ + l
µ
−
2
= κx′µ + κθµνπν , l
µ
1 =
lµ+ − l
µ
−
2
= (G−1E )
µνπν . (3.11)
The second set of generalized currents is defined by
JR(v,b) = v
µ(x)πµ + bµ(x)k
µ, (3.12)
where vµ(x) and bµ(x) are the arbitrary coefficients, and we have introduced another auxiliary
current by
kµ = κx′µ + κθµνπν . (3.13)
Their charges are
QR(v,b) =
∫
dσJR(v,b) . (3.14)
Similarly as in (3.7), these charges also exhibit additional symmetry. In order to see that, let us
write the total derivative integral (3.6), using (3.13), in terms of new basis vectors∫ 2π
0
dσκ∂µλx
′µ =
∫ 2π
0
dσ∂µλ(k
µ − κθµνπν) . (3.15)
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As a result, we obtain the non-uniqueness of the charges
QR(v+κθ∂λ,b+∂λ) = QR(v,b) . (3.16)
In a special case of vµ = ±(G−1E )
µνbν , the generalized currents (3.12) reduce to the currents
(2.30)
J
R(±G−1
E
b,b) = bµl
µ
±, (3.17)
thus justifying calling it generalized current. Momenta πµ and auxiliary currents k
µ can also be as
easily obtained from it.
The two new bases transform into each other under (2.36):
iµ = πµ + 2κBµνx
′ν ↔ κx′µ + κθµνπν = k
µ, πµ ↔ κx
′µ . (3.18)
Therefore, the generalized currents are defined in the mutually T-dual bases, and their respective
algebras are also going to be mutually T-dual.
At the end of this chapter, let us obtain the relations for coefficients when two generalized
currents are equal. This will enable us to obtain the algebra of currents JR(v,b), provided that we
have the algebra of JC(u,a), and vice versa. Let us start with rewriting the expressions for both
generalized currents in the basis {πµ, x
′µ}. Substituting the expression (3.2) into (3.4) we obtain
JC(u,a) = u
µπµ + κ(aµ − 2Bµνu
ν)x′µ, (3.19)
while substituting the expression (3.13) into (3.12) we obtain
JR(v,b) = (v
µ − κθµνbν)πµ + κbµx
′µ. (3.20)
Comparing (3.19) to (3.20), we see that generalized currents are equal when coefficients satisfy
following relations
uµ = vµ − κθµνbν , (3.21)
aµ = 2Bµνv
ν + (GG−1E )
ν
µ bν .
The above relations can be easily inversed. We obtain
vµ = (G−1E G)
µ
νu
ν + κθµνaν , (3.22)
bµ = aµ − 2Bµνu
ν .
4 Courant bracket
We are interested in calculating the Poisson bracket algebra of the most general currents JC(u,a),
defined in (3.4), as well as of their charges QC(u,a), defined in (3.5). We will start with the generators
iµ and x
′µ algebra, that we calculate using the standard Poisson bracket relations
{xµ(σ, τ), πν(σ¯, τ)} = δ
µ
νδ(σ − σ¯),
{xµ(σ, τ), xν(σ¯, τ)} = 0, (4.1)
{πµ(σ, τ), πν(σ¯, τ)} = 0.
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In the accordance with [15], we will obtain that the algebra of generalized charges (3.5) gives rise
to the twisted Courant bracket [6].
We obtain the algebra of generators (3.2)
{iµ(σ), iν(σ¯)} = −2κBµνρx
′ρδ(σ − σ¯), (4.2)
where the structural constants are the Kalb-Ramond field strength components, given by
Bµνρ = ∂µBνρ + ∂νBρµ + ∂ρBµν . (4.3)
The rest of the generators algebra is given by
{iµ(σ), κx
′ν(σ¯)} = κδ νµ ∂σδ(σ − σ¯), {κx
′µ(σ), κx′ν(σ¯)} = 0. (4.4)
The Poisson bracket of the most general currents (3.4) is obtained using (4.2) and (4.4). It reads
{JC(u,a)(σ), JC(v,b)(σ¯)} =(v
ν∂νu
µ − uν∂νv
µ)iµδ(σ − σ¯)− 2κBµνρx
′µuνvρδ(σ − σ¯)
− κ
(
(∂µaν − ∂νaµ)v
ν − (∂µbν − ∂νbµ)u
ν
)
x′µδ(σ − σ¯) (4.5)
+ κ
(
uµ(σ)bµ(σ) + v
µ(σ¯)aµ(σ¯)
)
∂σδ(σ − σ¯).
We can modify the anomalous part in the following manner(
uµ(σ)bµ(σ) + v
µ(σ¯)aµ(σ¯)
)
∂σδ(σ − σ¯) =
=
1
2
(
(ub)(σ) + (va)(σ¯)
)
∂σδ(σ − σ¯)−
1
2
(ub)(σ)∂σ¯δ(σ − σ¯) +
1
2
(va)(σ¯)∂σδ(σ − σ¯) (4.6)
=
1
2
(
(ub)(σ) + (ub)(σ¯) + va(σ) + (va)(σ¯)
)
∂σδ(σ − σ¯) +
1
2
∂µ(va− ub)x
′µδ(σ − σ¯),
where we have used the notation (ub)(σ) = uµ(σ)bµ(σ), and the relation f(σ¯)∂σδ(σ − σ¯) =
f ′(σ)δ(σ − σ¯) + f(σ)∂σδ(σ − σ¯) in the last step. Substituting the previous equation in (4.5) we
obtain
{JC(u,a)(σ), JC(v,b)(σ¯)} = −JC¯(w¯,c¯)(σ)δ(σ−σ¯)+
κ
2
(
(ub)(σ)+(ub)(σ¯)+(va)(σ)+(va)(σ¯)
)
∂σδ(σ−σ¯),
(4.7)
where the coefficients in the resulting current are
w¯µ = uν∂νv
µ − vν∂νu
µ, (4.8)
and
c¯µ = 2Bµνρu
νvρ + (∂µaν − ∂νaµ)v
ν − (∂µbν − ∂νbµ)u
ν +
1
2
∂µ(ub− va). (4.9)
The minus sign in front of the JC¯(w¯,c¯) is included for the future convenience. We see that w¯
µ does
not depend on background fields, while the coefficient c¯µ does, because of the H-flux term Bµνρ.
The relation (4.7) defines the bracket, that acts on a pair of two ordered pairs consisting of a
vector and a 1-form, that as a result has another ordered pair, that we can write like
[(u, a), (v, b)]C¯ = (w¯, c¯). (4.10)
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The bracket that we have obtained is the twisted Courant bracket [6]. The Courant bracket
represents the generalization of the Lie bracket on spaces that contain both vectors and 1-forms.
As a result, it gives an ordered pair of a vector w = wµ∂µ and a 1-form c = cµdx
µ.
Let us confirm the equivalence between the twisted Courant bracket and the bracket that we
have obtained in (4.10). The coordinate free expression for the twisted Courant bracket is given by
[(u, a), (v, b)]C =
(
[u, v]L,Lub− Lva−
1
2
d(iub− iva) +H(u, v, .)
)
≡ (w, c), (4.11)
where [u, v]L is the Lie bracket and H(u, v, .) is a 1-form obtained by contracting a three form. The
Lie derivative Lu is defined in a usual way Lu = iud + diu, where d is the exterior derivative and
iu the interior derivative. Their action on 1-forms is given by da = ∂µaνdx
µdxν and iua = u
µaµ.
The Lie bracket is given by
[u, v]L |
µ = uν∂νv
µ − vν∂νu
µ. (4.12)
Using the definition of Lie derivative, we furthermore obtain
(
Lub− Lva−
1
2
d(iub− iva)
)∣∣∣∣
µ
= uν(∂νbµ − ∂µbν)− v
ν(∂νaµ − ∂µaν) +
1
2
∂µ(ub− va). (4.13)
As for the last term in (4.11), it is given by
H(u, v, .)|µ = 2Bµνρu
νvρ. (4.14)
The expression for the generalized current corresponding to the Courant bracket is obtained by
substituting (4.12), (4.13) and (4.14) in (4.11)
[(u, a), (v, b)]C = (w, c), (4.15)
where wµ and cµ are exactly the same as w¯
µ and c¯µ defined in (4.8) and (4.9), respectively. There-
fore, we see that the bracket defined in (4.10) is indeed the twisted Courant bracket.
Apart from the current algebra, we are interested in the algebra of charges (3.5). The anomalous
term is canceled when integrated. For example, consider the first term in anomaly∫
dσdσ¯(ub)(σ)∂σδ(σ − σ¯) = −
∫
dσ¯∂σ¯
∫
dσ(ub)(σ)δ(σ − σ¯) = −
∫
dσ¯∂σ¯(ub(σ¯)) = 0, (4.16)
since we are working with the closed strings. The other terms cancel in a similar manner. Integrating
the generalized currents (4.7) over σ and σ¯ we obtain
{QC(u,a), QC(v,b)} = −QC[(u,a),(v,b)]C . (4.17)
We see that the algebra of charges is anomaly free. The relation (4.17) was firstly obtained in
[15] for the general case of the Hamiltonian formulation of string σ-model, in which momenta and
coordinates satisfy the same Poisson bracket relations as auxiliary currents and coordinates in our
theory.
11
Let us check whether the algebra (4.7) is consistent with the known results for the Poisson
bracket algebra of the currents j±µ [24]
{j±µ(σ), j±ν(σ¯)} = ±2κΓµ,νρx
′ρδ(σ − σ¯)− 2κBµνρx
′ρδ(σ − σ¯)± 2κGµνδ
′(σ − σ¯), (4.18)
{j±µ(σ), j∓ν(σ¯)} = ±2κΓµ,νρx
′ρδ(σ − σ¯)− 2κBµνρx
′ρδ(σ − σ¯),
where Γµ,νρ =
1
2 (∂νGρµ + ∂ρGνµ − ∂µGνρ) are Christoffel symbols. If we substitute aµ = ±Gµνu
ν
and bµ = ±Gµνv
ν for constants uµ and vµ in (4.7), with the help of (3.8) we obtain
{uµj±µ(σ), v
νj±ν(σ¯)} =u
µvν
(
− 2κBµνρ ± κ(∂νGρµ − ∂µGνρ)
)
x′ρδ(σ − σ¯)
± κuµvν(Gµν(σ) +Gµν(σ¯))∂σδ(σ − σ¯)
=uµvν
(
− 2κBµνρ ± κ(∂νGρµ + ∂ρGµν − ∂µGνρ)
)
x′ρδ(σ − σ¯) (4.19)
± 2κuµvνGµν(σ)∂σδ(σ − σ¯)
=uµvν{j±µ, j±ν}.
The consistency with the second relation in (4.18) can be as easily obtained.
5 Roytenberg bracket
The Roytenberg bracket appeared as a result of the current algebra firstly in [12], where the author
twisted the Poisson structure by trading the 2-form Bµν with the bi-vector Π
µν . In this paper, we
firstly calculate the Poisson bracket algebra for the generalized currents JR(v,b) (3.16), in order to
calculate the T-dual Poisson structure of the twisted Courant bracket. We then compare it to the
Roytenberg bracket, obtained by twisting the Courant bracket by an arbitrary bi-vector Πµν . We
see that the bracket that we obtained is exactly the Roytenberg bracket for Πµν = κθµν . While
in [12] the 2-form Bµν and the bi-vector Π
µν are independent, in our approach they are mutually
T-dual (2.17). Therefore, we will show that the Courant bracket twisted by a 2-form 2Bµν is T-dual
to the Roytenberg bracket, obtained by twisting the Courant bracket by a bi-vector κθµν . When
the fluxes are turned off, both of them reduce to the untwisted Courant bracket, that is T-dual to
itself.
We will start with the algebra of auxiliary currents kµ (3.13). Using (4.1), we obtain
{kµ(σ), kν(σ¯)} = −κ∂ρθ
µνx′ρδ(σ − σ¯)− κ2(θµσ∂σθ
νρ − θνσ∂σθ
µρ)πρδ(σ − σ¯), (5.1)
where θµν is the non-commutativity parameter (2.12). From (3.13) we express the coordinate in
terms of algebra generators and obtain
{kµ(σ), kν(σ¯)} = −κQ µνρ k
ρδ(σ − σ¯)− κ2Rµνρπρδ(σ − σ¯), (5.2)
where we expressed the structure constants as fluxes
Q µνρ = ∂ρθ
µν , Rµνρ = θµσ∂σθ
νρ + θνσ∂σθ
ρµ + θρσ∂σθ
µν . (5.3)
These are the non-geometric fluxes [25]. They were firstly obtained by applying the Buscher
rules [18, 19, 20] on the three-torus with non-trivial Kalb-Ramond field strength (4.3). After the
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T-duality transformations are applied along two isometry directions, one obtains the space that
is locally geometric, but globally non-geometric. The flux for this background is Q µνρ . After
the T-duality transformation is applied along all directions, one obtains the space that is neither
locally, nor globally geometric, characterized with the Rµνρ flux. When considering a generalized
T-dualization, the R flux is obtained when performing T-dualization over the arbitrary coordinate
on which the background fields depend [26].
The rest of the generators algebra is calculated in a similar way
{kµ(σ), πν(σ¯)} = κδ
µ
ν∂σδ(σ − σ¯) + κQ
µρ
ν πρδ(σ − σ¯), {πµ(σ), πν(σ¯)} = 0. (5.4)
We obtain the Poisson bracket of the most general currents JR(u,a), using (5.2) and (5.4). It
reads
{JR(u,a)(σ), JR(v,b)(σ¯)} =(v
ν∂νu
µ − uν∂νv
µ)πµδ(σ − σ¯)− κ
2Rµνρπµaνbρδ(σ − σ¯)
− κ
(
θνρ∂ρv
µaν − v
ρ∂νaρθ
νµ − ∂νθ
ρµvνaρ
)
πµδ(σ − σ¯)
− κ
(
uρ∂νbρθ
νµ + κuρ∂ρθ
νµbν − κθ
νρ∂ρu
µbν
)
πµδ(σ − σ¯) (5.5)
+
(
uν(∂µbν − ∂νbµ)− v
ν(∂µaν − ∂νaµ)
)
kµδ(σ − σ¯)
− κ
(
aρbν∂µθ
ρν − θνρ(∂ρaµbν − ∂ρbµaν)
)
kµδ(σ − σ¯)
+ κ
(
uµ(σ)bµ(σ) + v
µ(σ¯)aµ(σ¯)
)
∂σδ(σ − σ¯).
Using (4.6) and (3.13) we can transform the anomaly in the following way
κ
(
(ub)(σ) + (va)(σ¯)
)
∂σδ(σ − σ¯) =
κ
2
((ub)(σ) + (ub)(σ¯) + (va)(σ) + (va)(σ¯))∂σδ(σ − σ¯) (5.6)
+
1
2
∂µ(va− ub)(σ)(k
µ − θµρπρ)δ(σ − σ¯).
Substituting the last equation in (5.5), we obtain
{JR(u,a)(σ), JR(v,b)(σ¯)} = −JR¯(w¯,c¯)(σ)δ(σ−σ¯)+
κ
2
(
(ub)(σ)+(ub)(σ¯)+(va)(σ)+(va)(σ¯)
)
∂σδ(σ−σ¯),
(5.7)
where
w¯µ = uν∂νv
µ − vν∂νu
µ + κθνρ∂ρv
µaν − κv
ρ∂νaρθ
νµ − κQ ρµν v
νaρ (5.8)
+ κuρ∂νbρθ
νµ + κuρQ νµρ bν − κθ
νρ∂ρu
µbν −
κ
2
θµν∂ν(va− ub) + κ
2Rµνρaνbρ,
and
c¯µ = v
ν(∂µaν−∂νaµ)−u
ν(∂µbν−∂νbµ)−
1
2
∂µ(va−ub)+κaρbνQ
ρν
µ −κθ
νρ(∂ρaµbν−∂ρbµaν), (5.9)
where we have substituted Q and R fluxes (5.3). Unlike the coefficients in the previous case, here
both coefficients depend on backgrounds, due to presence of fluxes.
As expected, algebra is not closed due to the anomalous part. This Poisson bracket defines a
new bracket
[(u, a), (v, b)]R¯ = (w¯, c¯), (5.10)
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which is equal to the Roytenberg bracket [11]. In case of only R and Q flux present in the generators
algebra (5.3), the Roytenberg bracket is given by
[(u, a), (v, b)]R =
(
[u, v]L − [v, aΠ]L + [u, bΠ]L +
1
2
[Π,Π]S(a, b, .) (5.11)
−
(
Lva− Lub+
1
2
d(iub− iva)
)
Π,
+ Lub−Lva−
1
2
d(iub− iva)− [a, b]Π
)
,
where Π = Πµν∂µ∂ν is the bi-vector. The expression [Π,Π]S(a, b, .) represents the Schouten-
Nijenhuis bracket [27] contracted with two 1-forms and [a, b]Π is the Koszul bracket [28] given
by
[a, b]Π = LΠab− LΠba+ d(Π(a, b)). (5.12)
The Koszul bracket is a generalization of the Lie bracket on the space of differential forms, while
the Schouten-Nijenhuis bracket is a generalization of the Lie bracket on the space of multi-vectors.
The terms in (5.11) that we have not calculated yet can be written, using (4.13), as
(
(Lva− Lub+
1
2
d(iub− iva))Π
)∣∣∣∣
µ
=
(
uν(∂νbρ − ∂ρbν)− v
ν(∂νaρ − ∂ρaν) +
1
2
∂ρ(ub− va)
)
Πρµ.
(5.13)
The Koszul bracket (5.12) can be further transformed in a following way
[a, b]Π|µ = Π
ρν(bρ∂νaµ − aρ∂νbµ) + ∂νΠ
νρaρbµ, (5.14)
while the remaining terms linear in Π become
([−v, aΠ]L + [u, bΠ]L)|
µ = vν(∂νaρΠ
µρ + aρ∂νΠ
µρ) + aρΠ
ρν∂νv
µ
− uν(∂νbρΠ
µρ + bρ∂νΠ
µρ)− bρΠ
ρν∂νu
µ. (5.15)
Lastly, we write the expression for the Schouten-Nijenhuis bracket for bi-vectors
[Π,Π]S |
µνρ = ǫµνραβγΠ
σα∂σΠ
βγ , (5.16)
where
ǫµνραβγ =
∣∣∣∣∣∣∣
δµα δνβ δ
ρ
γ
δνα δ
ρ
β δ
µ
γ
δρα δ
µ
β δ
ν
γ
∣∣∣∣∣∣∣ . (5.17)
Thus, we get
([Π,Π]S(a, b, .))|
µ = 2Rµνρaνbρ, (5.18)
where Rµνρ is the flux defined in (5.3).
Combining the previously obtained terms, we obtain the expression for the generalized current
corresponding to the Roytenberg bracket twisted by the non-commutativity parameter as a bi-
vector
[(u, a), (v, b)]R = (w, c), (5.19)
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where wµ and cµ are equal to w¯
µ and c¯µ, defined in (5.8) and (5.9), respectively, provided that
Πµν = κθµν .
Integrating the previous equation over σ and σ¯, we see that charges satisfy
{QR(u,a), QR(v,b)} = −QR[(u,a),(v,b)]R . (5.20)
We have shown that it is possible to define two types of generalized currents, related by coordi-
nate transformation, that give rise to the twisted Courant and Roytenberg bracket. The Courant
bracket is twisted by a 2-form 2Bµν , while the Roytenberg bracket can be seen as the bracket
obtained by twisting the Courant bracket by a bi-vector κθµν .
The bases in which these generalized currents have been defined are mutually T-dual (2.36).
This means that the generalized currents also transform into each other
JC(u,a) ↔ JR(v,b) , (5.21)
provided that we swap also coefficients uµ ↔ bµ, aµ ↔ v
µ. We say that the two types of brackets,
one obtained by twisting the Courant bracket by a 2-form 2Bµν , another obtained by twisting the
Courant bracket by a bi-vector Πµν , are mutually T-dual, as long as the aforementioned 2-form
Bµν is T-dual to the bi-vector Π
µν .
As we have already shown in (3.22), it is possible to obtain two types of generalized currents
one from the other. Given that they realize twisted Courant and Roytenberg bracket, this means
that the two brackets are connected via coordinate transformations, but only when Πµν = κθµν .
If the expression (3.22) is substituted into the expression for the generalized current JC(u,a) (3.4),
the bracket that would have been obtained would differ from the Roytenberg bracket by a total
derivative term.
6 Conclusion
In this paper, we considered the closed bosonic string propagating in the background composed of
a coordinate dependent metric Gµν(x) and Kalb-Ramond field Bµν(x), as well as its T-dual theory.
We started with the Lagrangian approach to T-duality and from it obtained the Hamiltonian
formulation in which T-duality can be understood as a canonical transformation.
Next, we introduced the T-duality in the same phase space, that we call self T-duality. It
interchanges the momenta and coordinate σ-derivatives, as well as the background fields with the
T-dual ones. The Hamiltonian was expressed in terms of currents j±µ and metric tensor Gµν , as
well as in terms of its T-dual currents lµ± and T-dual metric tensor
⋆Gµν = (G−1E )
µν . We considered
two types of generalized currents, JC(u,a) and JR(v,b), defined as 2-parameter worldsheet vectors
that generalize currents j±µ and l
µ
± respectively. The suitable basis for current JC(u,a) consists of
coordinate σ-derivatives x′µ and the auxiliary currents iµ = πµ+2κBµνx
′ν , and for current JR(v,b),
it consists of momenta πµ and auxiliary currents k
µ = κx′µ + κθµνπν . These bases transform into
each other under the self T-duality (2.36).
In this paper, we obtained two types of brackets, extracted from the generalized current Poisson
bracket algebra. We have shown that one of them is equal to the twisted Courant bracket, while the
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other equals the Roytenberg bracket. The former can be obtained by twisting the Courant bracket
by a 2-form, in our paper 2Bµν , resulting in the appearance of H−flux in generators algebra. The
latter bracket can be obtained by twisting the Courant bracket by a bi-vector Πµν , resulting in
the appearance of Q− and R−fluxes, but not H−flux, in generators algebra. Since bases in which
generalized currents are defined are mutually T-dual, we conclude that the brackets are mutually
T-dual, when the bi-vector Πµν equals to the non-commutativity parameter κθµν .
We find these results important in itself. Both the Courant and the Roytenberg bracket are
well understood mathematical structures. Relation between them and T-duality has a potential to
help understand the T-duality better. Moreover, by analyzing characteristics of these brackets we
can examine how certain aspects of the mutually T-dual theories relate to each other.
Suppose we turn off all the fluxes. That is equivalent to setting Bµν = 0 and Π
µν = 0,
which reduce the auxiliary currents to canonical momentum and coordinate σ derivative: iµ → πµ
and kµ → κx′µ. The generalized currents now reduce to JC(u,a) = u
µπµ + aµκx
′µ and JR(v,b) =
vµπµ+κbµx
′µ. It is easy to verify that these currents remain invariant under exchange of momenta
and winding numbers, provided that we also change the coefficients in the particular way JC(u,a) ↔
u˜µκx
′µ + a˜µπµ = JC(a˜,u˜). Therefore, we conclude that these currents are T-dual to themselves.
They give rise to the Courant bracket, the untwisted one, which does not contain any fluxes.
It is interesting that both charges QC(u,a) and QR(v,b) can be expressed as the self T-dual
symmetry generators in the form
G =
∫
dσ
[
ξµπµ + Λ˜µκx
′µ
]
. (6.1)
It is easy to show that if we define the new gauge parameter Λµ = Λ˜µ + 2Bµνξ
ν , the generators
(6.1) are charges QC(ξ,Λ); if we define ξ˜
µ = ξµ + κθµνΛ˜ν the generators are charges QR(ξ˜,Λ˜). Mo-
menta πµ are generators of general coordinate transformations and x
′µ generators of local gauge
transformations δΛ˜Bµν = ∂µΛ˜ν−∂νΛ˜µ, while ξ
µ and Λ˜µ are their corresponding parameters. These
generators were studied in [24], where it was shown that general coordinate transformations are
T-dual to gauge transformations.
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